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A simple example

(Peitgen & Richter, 1984)

Deposit Z, Ly, 2, Z,,...
Rate of interest € N4l
Period T Z,,=01+e)Z,=(1+¢)" 2,

Prohibition of unlimited wealth = reduction of the rate of interest proportional to Z,

e=¢,1-2.1Z_.)
Zn+1 =& (1_ Zn /Zmax)zn — Zn+1 = (1+ ‘90)(1_ Xn)Zn
L, l+g,
= Xn
L. . g
r=1+g¢,
n Xn+1 = an (1_ Xn) X = Z, €0
Z . 1+¢&,

Logistic map



evolution
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evolution — population grow of mayflies
(P.F. Verhulst, 1847, R.M. May, 1976)

X=N/N
N.,=aN —-rN? (N >0, vn — N__ =alr) —  x_,=r(1-x)
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“Perhaps we would all be better off, not only in research and teaching, but also in
every day political and economical life, if more people would take into
consideration that simple dynamical systems do not necessarily lead to simple
dynamical behavior”’

R.May, “Simple mathematical models with very complicated dynamics”, Nature 261, 1976



A. 1D discrete maps



One Dimensional maps
X .= T(X,), xR, n=012,...

The sequence of values T={x, , x, , X,, ....} is a partial solution or a trajectory of
the map that corresponds to the initial value x, .

X = 1(X)
X = F00) = F(F (%)) = F2(%)




definitions

® The map is called invertible if there exist f1, i.e. Xn = f _1(Xn+1)
In this case T={...x,, X1, Xg, Xy, Xy, ...}

® An interval IR is invariant under the map if Vxel, f(x)el



Graphical presentation (cobweb)

Xn+1 y=x
. f(x)
X1 |
XO X_’l Xn
Itx . ftx)
f(x) > x>0. 0<f(x) < X.

lim x,= o (N—0) lim x =0 (n—)
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Special solutions

Equilibrium solution or fixed point

X = X*, ¥n

f(x*)—x*=0

Periodic orbits of period k

n

if x*eT® = x*=f*(x*)

FR) = F(F(F..F(X)..))

k—times

f(x*)—x*=0

(m- k solutions)

y=X

_ (k) _
X oo =X, VN = T =X, Xeer X gy X Xyeee }

f(x)

y=X




Linear maps

e Constant coefficients

X,,=ax +b = Xn=<( b j )

e Variable Coefficients

n-1 n-1 n-1
X ., =aX +b = xnz(. aijxo+Z(Haijbk

e Mathematica command : RSolve



Linear maps

(1eR)

n+

—

A>1




Linearization near Fixed Points

map Xn+1 — f (Xn)
Fixed point x*= f (x*)

—y*x —y*
X, =X*+0,, X .4 = X*+0,

n+l?

X*+0 ,=F(X*+9,) = f(x"‘)+3—]c

A>1

X=X*

O<A<1

0,<<1

5, +0(5;)

vn
df
O.=A0.,, A=— = f'(x*
— n+1 n dX - (X )
A<-1
"“\\@///?\\\;/ :
\ -1<A<0
Vi\v»\~




Stability

A= f(x*)

A>1 : x* is unstable )
O<A<1 : x* is stable x* = attractor or sink

x* = repeller or source

-1<A<0 : x* is stable with reflection
A<-1 :x*is unstable

* If |A|=1then x* is parabolic or nonhyperbolic (critical linear stability)

e If |[A|#1 then x* is hyperbolic



Graphical presentation of stability

flx) flx)

O<A<1

flx)

A>1

Xo X Xo X



Stability in nonhyperbolic case

A. Case f’(x*)=1, f”(x*)=0

o If f/(x*)<0 then x* is semi-stable from above
o If f7(x*)>0 then x* is semi-stable from below

B. Case f'(x*)=-1, f’(x*)20 [ s.(x)=2 f"""(x)+3(f"(x))? ]

* If s{(x*)>0 then x* is asymptotically stable
* If s(x*)<0 then x* is unstable

C. Case f'(x*)=1or-1, f’(x*)=0 S;(X) =

f"(x) _§[ f "(x)T Schwarzian
f'(x) 2\ f'(x) derivative

* If S{(x*)<0 then x* is asymptotically stable
* If S{(x*)>0 then x* is unstable

Kulenovic, M.R.S. & Merino, 2002



Stability of periodic orbits

As for fixed points of the map | X,,, = f “(X,)

df ¥ x (k) x *
ZZRX_X_*’ X €T ={Xg, X s X1}
df * T
=) T ea) o T06) () = [Tf06)
o i=0

(chain rule of differentiation)



0.0

Bifurcations

aecR

parameter

Xopa = T(X;;0),

Necessary  f '(X*' a*) -1
condition ’
Tangent bifurcation
a<a* a=a*
\\
— A
f(x*%a)<1 f(x*a)=1

a>a*

pitchfork
bifurcation




Period doubling bifurcation

*If f'(x*;a*)=-1 then f¥(x*;a*)=1 = pitchfork bifurcation with period doubling
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The logistic map

f(X)=rx(1-x) , X ,=rx (1-x), r>0, x €R

n

O<r<l 1<r<4 r=4 r>4

15

* f(x) has always a maximum at x=1/2, f(1/2)=r/4

* The interval [0,1] is invariant under f for r<4

0.5

*For X, <0 n X > = Ilmx =-ow

nN—o0

-0.5 -0.25 0.25 05 0.75 1.25 1.5
* For r>4 there exist open subsets S—(0,1) such that
if Xx,eS = limx, =-ow

N—o0




Fixed points

X*=rx*1-x*) =

o1f

0.0F

o r-3 ?

-
i, i, 2 S P

f'(x*)=r

f'(x*)=2-r

O<r<l

1] 5 10

1<r<3

L
10



Period - 2

f'(x*)=2-r = f'(x*) =-1 — - perioddoubling — . fixed point for f2

r=3

f2(x) = f(f (X)) =r[rx(L—x)][L-rx(L—x)] = r’x(x =1)(rx*> —=rx +1)

1o 7 Lo 1o
F(x)
ozl | oz} oel
oE 0.6 06
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oak 1 o4 vak |
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i L1 | 1 1 \
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0.0 0.2 0.4 1 0.6 0.8 1.0 X*ll X*l x*12
x*0 X X x*1

fP(x*)=x* = x(r-1-r)(r’x*=(r+r?)+r+1)=0 s gz LT 2 _or 3

b | " 2r

X*ll X*12

KO y*1 _
X x*2 R if r>3



Period — 2 (Stability)
KL yHd2 1+r im

2r

, r>3

[F2()T _u=[F°(X)]_.=4+2r—r°=

|-|<1 if 3<r<1++6
|->1 if r>1++/6
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B [f(x) Tz, =A+2r=1" s ="1 —— perioddoubling — - fixed point for f*




Period -4
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Bifurcation diagram

Fixed point x*=0 O<r<1
Fixed point o' -1 1<r<R, r>R; R, =3
r
Period-2 l4ar+ \/(r —3)(r+2) R,<r<R, r>R, R, =1+ J6 ~3.4495
%2 = 2r
Period-4 numerical R,<r<R, r>R, R;~3.54409
Period-8 s e

numerical computation

~R ..-...|...|...|...|...|...|...
1.6 1.8 3.0 32 r 34 3.6 £ 4.0




Bifurcation diagram

Logistic Map Bifurcation Diagram

0.80

0.60

0.40

0.204

0.00

.50

0.56

0.54

0.534

0.514

0.50+

L3

2.80 3.0 3.40

Logistic Map Bifurcation Diagram

3.70

4.00

Logistic Map Bifurcation Diagram
0.60

0.54

0.48+

0.42+

0.36

0394

Scaling Laws
(vertically & horizontaly)

(Feigenbaum, 1978)



1.00

Logistic Map Bifurcation Diagram

0.80+

0.60+

0.5

0.404

0.204

0.00

3.70 T 4.00

.50 2.80 R1 3.10 ' 3.40 Rz R‘3 ! :
ROO Rw3
Scaling hypothesis
d,
a~———~250290 (n— o) R,—R =~const-6" (n— )

n+1

a, 6 : Feigenbaum constants

5 ~4.6692016
R ~3.5699456



Computation Formulas (n—>o<)

» r =T : n-period supercycle (x,=1/2)

N 1 1 N1 _ 1
= (D)2 0= ()2 a1 ()2
2" (1.
NP i 11,9 e -
dn+1 f2 (%’ n+1) -1/2

» R -R=xc5" ()

1)
R,-R.=(R,-R)-(R,,—R,)x—cCc-6"+c-6 "™ =—c5"(1-57) (2a)
R.,-R.,=-co"@1-67) (2b)

(2a) & (2b) = S~ R =R
Rn+1 o Rn+2
R-R_~c-o" R -R R -R RR.,—R’
» n ooN o — n - © ~5 =~ n - n+1 _— Roo ~ i n+2 n+1
Rn+1 _ Roo ~C-0 Rn+1 Roo Rn+1 Rn+2 R 2Rn+1 + R



Supercycles

f(1/2):£:max

f2(1/2)=%(r—4)r2=min

1.0

= Which values of r provide k-periodic orbits that include x.=1/2 ?

Solve the equation f*(x=1/2,r)=1/2 Supercycle solutions

m) Supercycles are the “most stable” periodic orbits
f k (X) 1

= ()], T(], =0 (1)

x=1/2



Su pe rcyCIQS Metropolis, Stein & Stein
(1973)

Lot 7 7T
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Sharkovsky’s ordering

35>7.. >2x3p2x5..02°%x3>2°%x5>... >2"x3>2"%x5p>..02">... 2% 21

Sharkovsky’s theorem

if f has a periodic orbit of period k, then it must posses a periodic orbit
of period m, for allm with  k>m

* The logistic map possesses periodic orbits of all periods of the Sharkovsky’s list



Chaos

re(R..4)-[JA, A =R™,R™)
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Arbitrary precision computations - 1000 digits

_ -A
Yo =%, +1077, |y, =X, [>0.01
Mivarac I Bripa-ypovog mou n 7poxid pe 7 dedousvn akpifiera anokAiver o r=3.75
TpoXId avapopdc yWa OIdQopES TILEC TOU T. J000
= e000
=364 =375 =388 € 5000 [n=6.5167A+ 52436
. Brijpa - . Brjua - . Brjua - T A000
Axpifewn : Axpipaia . Axpifew : o
Kpip Hpovog *pip Hpovog Kpip Hpovog e 3000
- - - cA 1
950 9726 Q30 5186 950 4852 {;i 2000
900 9224 200 5913 900 4616 =
850 | 8732 | 850 | ssoo | 850 | 4376 @ 1000
800 | 8158 | 800 | 5233 | 800 | 4081 0
750 7658 750 4944 750 3844 0 200 400 00 800 1000
700 7158 700 4645 700 3585 AxpifBea A
6350 6652 630 4334 650 3324
600 6168 600 3992 600 3004
550 5664 550 3710 550 2837 r=3.88
500 5092 500 3294 500 2542 6000
450 4616 430 2978 450 2314
400 | 4146 | 400 2665 | 400 2048 o 3000 F
= = - — o n=>50521A+ 53.065
350 3636 350 2329 350 1841 3 A000 F
3{3-[} 3184 31?1] 2005 3{3-[} 1588 % 3000
250 2622 250 1643 250 1289 |
200 | 2146 | 200 | 1345 | 200 | 1058 g 2000 4
150 1664 150 1006 150 824 & 1000 -
100 1160 100 702 100 570 0
10 194 10 97 10 20 .
5 188 5 97 5 00 Axpipeia A




Lyapunov exponent

A
€ N iterations eel
o——o > ® ®
Xo XotE Xy X'y
xg=f (%) , X =f"(x,+&) , A=A(x,), &<<1

1

N N
g™ o (%, +&)— V()| = ﬂ,:ﬁlogf (% +2) =T (%)

E

Fore—>0and N > «©

df ™ (x)
dx o

. 1S | A<0 : shrinking — attraction
A(%)) = Llﬂﬁglog“ (Xi)| A>0 : expanding — chaos

A=1lim iIog

N—o [\

= A=Ilim iIog =
N—oo [\

[




Lyapunov exponent for logistic map
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Lyapunov exponent for logistic map
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The 3-period
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Tangent bifurcations & intermittency
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X.., =0y(X,)=10x, mod (1),

a) the operation (mod 1)
X=1,234567890123456.. — X=0,23456789012345¢6..

b) the operation x 10

X=1,234567890123456.. — X=12,34567890123456..

c) Complete operation X, =0,123456789012345...
X, =0.234567890123457..
)(1 = 0.5?2?7??7777777?777777777

The decimal shift map

X. €[0,1)



The decimal shift map

Xn+1 = 010 (Xn) — 10Xn mOd (1)1 Xn < [0’1)

Exponential divergence of initial conditions

X, =0,1234567890123456..  X,=0,1234567890123467.. (d=10")
X,=0,234567890123456...  X,=0,234567890123467... (d=10"%)
X, =0,34567890123456....  X,=0,34567890123467.... (d=10")
Xy =0,0123456......u.... X, =0,0123467 0 v v v vennn... (d=107°)

N-1 N-1
A=lim iZlog|f (%)= lim iZlog(lO) = log(10)
—% N i—0 N—>0 N i=0

|
N



some definitions

B Let Yisasubset of X and a metric d(x,y). The following statements are equivalent :
1) Yisdensein X
2) For any xeX and >0, there exist yeY such that d(x,y)<e

3) For any xeX, there exist a sequence {y,} in Y that converges to x.

® Aninvariant map f: X—>X is transitive if x|
V UeX, VeX, UnV=Y \

= 3dn st Unf"V)zJ O O

U U
*If Unf"(V)20d Vvn>n, = mixing

theorem : The map f: X—>X is transitive if it has a dense orbit

B Aninvariant map f: X—X possesses sensitive dependence of initial conditions if for
any x,eX and €>0 there exist 6>¢ and y,eX such that :

if [x,—V,|<e, Ik>0 suchthat d(f*(x,),f(y,)>5



examples
* X ., =2X (x, =2"%,), XxeR
Let | x,-V,| <€ and 6=2%g, k>0 (so &>¢)

[°06) - T (V) [E2" % Yo = 276> wn>k = >ensivitvio
initial conditions

Let U=(3,4), V=(0,1), if x,eU then

x,eU'=3-2",4-2") and UnV=0 = no transitivity



examples

e X.,=X+C modl), x,ceR, 0<c<l X =X,+nc mod(l)

m
) Cc= m cQ = x =X+m modl) = X =X, periodic trajectory

if | X-Y,Fe = |[X-Y.HAX —-Y,|=€ nosensitivity to initial conditions

W) ceR\Q. Let |c—%|<g' — |ke—ml<ks' =&

X, =X, +kcmod(l) =x,+kc—mmod(l) = |x —-X|<¢&

Xe =% = X =% =< €

dense trajectory
no sensitivity to initial conditions
X1



The Bernoulli Shift and Symbolic Dynamics

o(x}
X, =o(x)=2x modl, x [0, 1

X =8y, Qa,a;..... )8y 1w - , a €{0,1}

or

eg. {0}, {4, {01, {10}, {100101}, {01011}, {100110110} e=

 Distance between x={xy,X;,X,....}€ Z and y={y,,y.,Y,....}€ Z

d(X’y):i|Xi;yi|

* The shift map

o.X 2, c({a,aa,...}) ={a,a,a;...}



Three properties of the shift map

0:2-%  o{aaa.-P={aaa.} =={a¥,: a =0 or 1}

1. Periodic orbits are dense in 2
Let s={a,0a,0,00, ....., a, a,,,....} any sequence of .
We construct the following periodic orbits

p, ={a.a,a,..}={a} — d(p,s)<2"
p, ={aa e, . }={aa} — d(p,s)<2”




Three properties of the shift map

c:2-%  o({aaa.})={aga.} ={a¥,: a,=0 or 1

2. The shift map is transitive or, equivalently, it has one
dense orbitin 2

We construct the following sequence that belongs to 2

s*={ 01 00011011000 001010100011... ......

singles doubles triples

i.e. s* contains segments of all possible elements of 2 with length n and,
consequently,

VseX, vk 3In suchthat d(f"(s*),s)<2"



Three properties of the shift map

0:2-% o(faaa,.})={aga.} =={a),: a=0 or 1

3. The shift map is sensitive to initial conditions

= &y A A 1 Oy Yo = 8p@8,...8,b,...... (b, #a,.,) d (X, Yo) = 2"
X, =0 (Xg) = 88,88y 48 p-non- Y1 = 0(Yo) = a,a,..a0D,...... d(o (%)), o(yp))=2""
X, =0 (X) = e BBy 118y =0°(Y,) = a3,..abb,...... d(a” (%), a°(¥,)) = 27

N-1
* Lyapunov exponent A= lim = Zlog\a(x)\_llm Zlog(Z):Iog(Z)
i=0



Devaney’s definition of chaos

An invariant map f: X—Xis chaotic if it has the following properties

1. The map is transitive in an invariant set S if
2. The periodic orbits of the map form a dense setin S

3. The map possesses sensitivity in initial conditions.

e The shift map o is chaotic

* Any map f: X—>X which is topologically conjugate to o is chaotic

>> A map f: X=X is topologically conjugate to the map g: Y=Y if there exist a
homeomorphism h:X—Y such that

f(h(x))=h(g(x)) or g(x)=h"(f(h(x))



The logistic map for r=4

X1 = 4%, (1-X,)

_ =
le cos(z@)’ 0<o<1

1- Cosz(ﬂ-gnﬂ) _4 1- COSZ(EQM) (1_ 1- Cosz(ﬂe””) j = 1-cos(#6b,,,) =2—-2cos(z6))

= cos(zb,

n+1

) =co0s(276,) = 6., =26, mod(1)

* The logistic map for r=4 is conjugate to the shift map, hence is chaotic



Universal behavior of quadratic maps

A continuously differentiable map f which

1) maps the interval [g,b] to itself

2) It has a single maximum in [a,b] e oy \2
. L . . fr() 3 £'(x)

3) The Schwartzian derivative is negative in whole interval [a,b] Si(x)= —=

f(x) 2\ F'(x)

displays an infinite sequence of period doubling bifurcations with the same constants
a and 6.

i (x)

v

\ composition law
r

r g(y)=-ag(g(-y/a))

4

e o g(x)

AT | | (y=x-X)
" universal function

J/ ~ £, (X)



maps for exercise

_ 3
X  =F+X —X

n

n

_Xn
X ., =IXe

X ,=rcos(zx.)



